Let M be a compact complex manifold. The corresponding Teichmüller space Teich is a space of all complex structures on M up to the action of the group Diff 0 (M ) if isotopies. The mapping class group Γ := Diff(M )/ Diff 0 (M ) acts on Teich in a natural way. An ergodic complex structure is the one with a Γ-orbit dense in Teich. Let M be a complex torus of complex dimension 2 or a hyperkähler manifold with b 2 > 3. We prove that M is ergodic, unless M has maximal Picard rank (there is a countable number of such M ). This is used to show that all hyperkähler manifolds are Kobayashi non-hyperbolic.
1 Introduction
Complex geometry and ergodic theory
For an introduction to Teichmüller theory and global Torelli theorem, please see Subsection 1.2; the basic notions of hyperkähler geometry are recalled in Section 2. Here we assume that a reader knows the basic definitions.
The Teichmüller space is defined as a space of complex structures up to isotopies: Teich := Comp / Diff 0 . The mapping class group (also known as "a group of diffeotopies") is the group Γ := Diff / Diff 0 of connected components of the diffeomorphism group. Clearly, Γ acts on the Teichmüller space in a natural way.
It turns out that in some important geometric situations (for hyperkähler manifolds with b 2 > 3 and complex tori of dimension 2) the mapping group action on Teich is ergodic. This is surprising, at least to the author of the present paper, because in this case "the moduli space" Teich /Γ of these geometric objects is extremely pathological. In fact this quotient is so much non-Hausdorff that all non-empty open subsets of Teich /Γ intersect (Remark 3.11).
Complex structures with dense Γ-orbits are called ergodic (see Definition 1.11). From the description of the moduli in terms of homogeneous spaces and Moore's theorem on ergodic actions it follows that the set of non-ergodic complex structures on hyperkähler manifolds with b 2 > 3 and complex tori of dimension 2 has measure 0 (Theorem 3.8). Applying Ratner theory, we prove that the set of non-ergodic complex structures is in fact countable: a complex structure is non-ergodic if and only if its Picard rank is maximal (Corollary 4.9) .
The density of particular families hyperkähler manifolds in Teich /Γ was used many times since early 1970-ies. Pyatetsky-Shapiro and Shafarevich used density of the family of Kummer surfaces in the moduli of K3 surfaces to prove the local Torelli theorem ( [PS] ). This theorem was generalized to a general hyperkähler manifold M with b 2 5 in [AV] . Here it was proven that any divisorial family defined by an integer class in H 2 (M, Z) is dense in Teich /Γ. In [KV] this approach was used further to study the Lagrangian fibrations on hyperkähler manifold. Using the density argument and existence of Lagrangian fibrations it was proven that all known hyperkähler manifolds are non-hyperbolic. 1 In [MM] , Markman and Mehrota show that the space of Hilbert space of K3 surfaces is dense in the corresponding deformation space, and prove a similar result about the generalized Kummer varieties.
Existence of ergodic complex structures leads to many surprising implications for the geometry of a manifold. For an illustration, we consider the space N I of all Ricci-flat Kähler metric on a holomorphically symplectic manifold (M, I). We consider N I as a metric space equipped with the Gromov-Hausdorff metric. This space was much studied recently, because its degenerations ("collapse") reveal much information about Mirror Symmetry (the Strominger-Yau-Zaslow special Lagrangian fibrations) and the birational geometry of (M, I); for some of the literature, please see [GTZ1] , [GTZ2] and [KS] .
Clearly, N is identified with the quotient of the Kähler cone of (M, I) by holomorphic isometries of the respective Kähler metrics. The group of holomorphic isometries of a simple hyperkähler manifold is finite, hence N I is an orbifold. Let N I denote the completion of N I with respect to the GromovHausdorff metric. The boundary ∂N I := N I \N I is of considerable interest to geometry, because its points classify the collapsing Ricci-flat metrics on (M, I). Consider the diameter function diam : N −→ R 0 , mapping a metric space into its diameter. By Gromov's compactness theorem, diam is proper ( [Gr] ), that is, preimage diam −1 (K) of a compact subset K ⊂ R 0 is compact. This observation follows from Gromov's compactness theorem, because non-collapsed metrics g ∈ N are Ricci-flat, and the space of Ricciflat metrics of bounded diameter on M is precompact in Gromov-Hausdorff topology.
Suppose now that I is an ergodic complex structure. The space N I is a metric orbifold, however, its Gromov boundary ∂N I = N I \N I is quite bizzarre. For each complex structure I ′ ∈ Teich, there exists a sequence of diffeomorphisms ν i such that lim i ν i (I) = I ′ (Remark 3.4). By Kodaira stability of Kähler cones, any hyperkähler metric g ′ on (M, I ′ ) is obtained as a limit ν * i (g i ) of the metrics g i ∈ N . This implies that the space ∂N I of collapsing metrics on (M, I) contains all hyperkähler metrics on M , for all complex structures. This latter space has real dimension dim R Teich + dim R N = 3 dim R N , hence the boundary behaviour of collapsing hyperkähler metrics is very chaotic and counterintuitive: the dimension of a boundary ∂N I is at least 3 dim N I .
As another consequence of the existence of ergodic complex structures, one obtains surprising results for various complex-analytic quantities, such as the Kobayashi pseudometric. As a model situation, consider a function ϕ on the set of equivalence classes of complex manifolds which is continuous on deformations. Since the ergodic orbit Γ · I is dense in the Teichmüller space, and ϕ is constant on Γ · I, this implies that ϕ is constant.
In practice, such an application is hard to come by, because functions which continuosly depend on the complex structure are sowewhat rare. However, this observation can be applied to some questions of complex hyperbolicity (Subsection 1.4).
Teichmüller spaces and hyperkähler geometry
We recapitulate briefly the definition of a Teichmüller space of the hyperkähler manifolds, following [V2] . Theorem 1.6: (Calabi-Yau; see [Bea] , [Bes] ) A compact, Kähler, holomorphically symplectic manifold admits a unique hyperkähler metric in any Kähler class.
Remark 1.7: The term "hyperkähler manifold" can mean many different things. In the literature, it denotes either a manifold equipped with a hyperkähler structure, or a complex manifold admitting a hyperkähler structure, or a Riemannian manifold with holonomy in Sp(n). In the present paper, we shall understand by a "hyperkähler manifold" a compact, complex manifold admitting a Kähler structure and a holomorphically symplectic structure. Such a complex structure is called a complex structure of hyperkähler type. We also assume silently that all hyperkähler manifolds are simple (or "irreducibly holomorphically symplectic"), in the sense of Definition 1.8 below. 
Ergodic complex structures
The main object of this paper is the following notion. Remark 1.12: The origins of this term are explained in Subsection 3.1. It is well known that almost all orbits of an ergodic action are dense (Claim 3.2). However, for a hyperkähler manifold with b 2 > 3 and a complex torus of dimension , the mapping group action on Teich is ergodic (Theorem 3.8, Remark 3.9).
In many situations, the mapping group action on the Teichmuüller space is ergodic. This implies that the non-ergodic complex structures form a set of measure 0. Theorem 1.13: Let M be a simple hyperkähler manifold or a compact complex torus of dimension 2. Then the set Teich ne of non-ergodic points has measure 0 in the corresponding Teichmüller space Teich.
Proof: See Theorem 3.8.
This result follows from the ergodicity of the mapping class group action on Teich, which follows from the global Torelli theorem and the ergodicity of an arithmetic action on homogeneous spaces due to Calvin Moore (1966) . It is not very explicit, and for a considerable period of time, no explicit examples of ergodic complex structures were known. This problem was solved by an application of a powerful theorem of Marina Ratner (Theorem 4.2). Theorem 1.14: Let M be a simple hyperkähler manifold or a compact complex torus of dimension 2, and I a complex structure on M . Then I is non-ergodic iff the Neron-Severi lattice of (M, I) has maximal possible rank. This means that rk N S(M, I) = b 2 (M ) − 2 for M hyperkähler, and rk N S(M, I) = (dim C M ) 2 for M a torus.
Proof: See Corollary 4.9.
Kobayashi pseudometric on hyperkähler manifolds
The ergodic properties of the mapping group action have many applications to Kobayashi hyperbolicity. For the definition of Kobayashi pseudometric, basic properties and the further reference, please see Section 5. For the purposes of the present paper, Kobayashi pseudometric is important because it is a complex-analytic invariant which is upper semicontinuous as a function of a complex structure ( [Vo] ). This suggests the following result, which we state here as a conjecture. Conjecture 1.15: Let I, J ∈ Teich be ergodic complex structures on M , and
Sketch of a proof: Since the Γ-orbit of I is dense in Teich, for any K ∈ Teich, K can be obtained as a limit of ν * i I (Remark 3.4), and one has Kobayashi hyperbolic manifolds are those with non-degenerate Kobayashi pseudometric. The set of Kobayashi hyperbolic complex structures is open in holomorphic families. Moreover, given a holomorphic family of Kobayashi hyperbolic manifolds, the Kobayashi pseudometric is continuous in this family ( [Vo] ). In the presense of an ergodic complex structure, the argument used in the sketch of Conjecture 1.15 would imply that all hyperbolic complex structures on M are isometric, and the mapping class group acts by isometries. However, the isometry group of a compact metric space is always compact, and the image of the mapping class in cohomology is usually non-compact. This can be used to prove non-hyperbolicity for manifolds admitting ergodic complex structures.
However, for hyperkähler manifolds, there exists a very simple and direct argument proving non-hyperbolicity.
The non-hyperbolicity of hyperkähler (and, more generally, Calabi-Yau) manifolds was a subject of long research, but until recently the only general result was a theorem by F. Campana proven in [Cam3] .
A twistor space of a hyperkähler manifold (Definition 5.9) is a total space of a fibration obtained from a hyperkähler rotation of a complex structure. Campana observed that the space of rational curves on Tw(M ) transversal to the fibers is never compact (in fact it is holomorphically convex, as shown in [KaV] ; see also [V3] and [DDM] ). Then a limit of a sequence of rational curves in Tw(M ) would contain an entire curve in one of the twistor fibers. This implies the Campana non-hyperbolicity theorem (Theorem 5.10): at least one of the fibers of the twistor family is not Kobayashi hyperbolic.
Another approach to non-hyperbolicity was used in [KV] . In this paper it was shown that for all known examples of hyperkähler manifolds, the manifolds admitting a holomorphic Lagrangian fibration are dense in the moduli space. Such manifolds contain entire curves, hence they are nonhyperbolic. However, the set of non-hyperbolic complex structures is closed in the relevant deformation space by Brody's lemma (Theorem 5.4). This is how non-hyperbolicity was proven in [KV] .
In the present paper we go by a different route, using ergodic methods and the Campana's non-hyperbolicity result. The explicit description of the set of non-ergodic complex structures (Corollary 4.9) allows one to find a twistor family with all fibers ergodic (Claim 5.11). By Campana's theorem, one of these fibers is non-hyperbolic. This gives a non-hyperbolic ergodic complex structure I ∈ Teich. Then all points of the set Γ · I ⊂ Teich are also non-hyperbolic. However, this set is dense, hence its closure Γ · I is the whole of Teich. Finally, we observe that the set of non-hyperbolic complex structures is closed in Teich, and therefore it contains Γ · I = Teich.
Hyperkähler manifolds
In this section, we state the global Torelli theorem for hyperkähler manifolds, following [V2] .
Bogomolov-Beauville-Fujiki form
The Bogomolov-Beauville-Fujiki form was defined in [Bo2] and [Bea] , but it is easiest to describe it using the Fujiki formula, proven in [F] .
Theorem 2.1: (Fujiki) Let M be a simple hyperkähler manifold, η ∈ H 2 (M ), and n = 1 2 dim M . Then M η 2n = cq(η, η) n , where q is a primitive integer quadratic form on H 2 (M, Z), and c > 0 an integer number.
Remark 2.2: Fujiki formula (Theorem 2.1) determines the form q uniquely up to a sign. For odd n, the sign is unambiguously determined as well. For even n, one needs the following explicit formula, which is due to Bogomolov and Beauville.
where Ω is the holomorphic symplectic form, and λ > 0.
Definition 2.3: Let q ∈ Sym 2 (H 2 (M, Z) * ) be the integer form defined by Theorem 2.1 and (2.1). This form is called the Bogomolov-BeauvilleFujiki form.
Mapping class group
Definition 2.4: Let Diff(M ) be the group of oriented diffeomorphisms of M , and Diff 0 (M ) the group of isotopies. We call Γ := Diff(M )/ Diff 0 (M ) the mapping class group of M .
For Kähler manifolds of dimension 3, the mapping class group can be computed using the following theorem of Sullivan. Definition 2.6: Groups G, G ′ are commensurable if there exist subgroups G 1 ⊂ G, G ′ 1 ⊂ G 1 of finite index, and finite normal subgroups G 2 ⊂ G 1 and
An arithmetic group is a group which is commensurable to an integer lattice in a rational Lie group.
Remark 2.7: Sullivan's theorem claims that the mapping class group of any Kähler manifold is arithmetic. 1
Using the results of [V1] , the group of automorphisms of the algebra H * (M, Z) can be determined explicitly, up to commensurability. This gives the following theorem, proven in [V2] . 
Global Torelli theorem
Remark 2.9: Let M be a hyperkähler manifold (as usually, we assume M to be simple). For any J ∈ Teich, (M, J) is also a simple hyperkähler manifold, because the Hodge numbers are constant in families. Therefore,
Definition 2.10: Let 
It is called the period space of M . Indeed, any holomorphic symplectic form l satisfies the relations q(l, l) = 0, q(l, l) > 0, as follows from (2.1).
Proposition 2.12: The period space Per is identified with the quotient SO(b 2 − 3, 3)/SO(2) × SO(b 2 − 3, 1), which is a Grassmannian of positive oriented 2-planes in H 2 (M, R).
Proof: This statement is well known, but we shall sketch its proof to illustrate the constructions given below.
Step 1: Given l ∈ PH 2 (M, C), the space generated by Im l, Re l is 2-dimensional, because q(l, l) = 0, q(l, l) implies that l ∩ H 2 (M, R) = 0.
Step 2: This 2-dimensional plane is positive, because q(Re l, Re l) = q(l + l, l + l) = 2q(l, l) > 0.
Step 3: Conversely, for any 2-dimensional positive plane V ∈ H 2 (M, R), the quadric {l ∈ V ⊗ R C | q(l, l) = 0} consists of two lines; a choice of a line is determined by orientation. Remark 2.20: The monodromy group of (M, I) can be also described as a subgroup of the group O(H 2 (M, Z), q) generated by monodromy transform maps for Gauss-Manin local systems obtained from all deformations of (M, I) over a complex base ([V2, Definition 7.1]). This is how this group was originally defined by Markman ([Ma1] , [Ma2] ).
Remark 2.21: A caution: usually "the global Torelli theorem" is understood as a theorem about Hodge structures. For K3 surfaces, the Hodge structure on H 2 (M, Z) determines the complex structure. For dim C M > 2, it is false. 3 Ergodic complex structures on hyperkähler manifolds and tori
Ergodicity: basic definitions and results
Definition 3.1: Let (M, µ) be a space with measure, and G a group acting on M preserving µ. This action is ergodic if all G-invariant measurable subsets
Claim 3.2: Let M be a manifold, µ a Lebesgue measure, and G a group acting on (M, µ) ergodically. Then the set of points with non-dense orbits has measure 0.
Therefore the set of such points has measure 0.
Definition 3.3: Let M be a complex manifold, Teich its Techmüller space, and Γ the mapping group acting on Teich. An ergodic complex structure is a complex structure with dense Γ-orbit.
Remark 3.4: Let (M, I) be a manifold with ergodic complex structure, and I ′ another complex structure. Then there exists a sequence of diffeomorphisms ν i such that ν * i (I) converges to I ′ in the usual (Fréchet) topology on the space of complex structure tensors. This property is clearly equivalent to ergodicity of I.
Further on, we shall need the following result about ergodicity of an arithmetic group action on a homogeneous space. This result would be applied to a mapping class group (which is arithmetic by Theorem 2.8) and a period space, which is homogeneous (Proposition 2.12).
Definition 3.5: Let G be a Lie group, and Γ ⊂ G a discrete subgroup. Consider the pushforward of the Haar measure to G/Γ. We say that Γ has finite covolume if the Haar measure of G/Γ is finite. In this case Γ is called a lattice subgroup. Remark 3.6: Borel and Harish-Chandra proved that an arithmetic subgroup of a reductive group G is a lattice whenever G has no non-trivial characters over Q (see e.g. [VGS] ). In particular, all arithmetic subgroups of a semi-simple group are lattices. Theorem 3.7: (Calvin C. Moore, [Mo, Theorem 7] ) Let Γ be a lattice subgroup (such as an arithmetic subgroup) in a non-compact simple Lie group G with finite center, and H ⊂ G a non-compact Lie subgroup. Then the left action of Γ on G/H is ergodic.
Ergodic action on the Teichmüller space for hyperkähler manifolds and tori
Theorem 3.8: Let Per be a component of a birational Teichmüller space of a hyperkähler manifold M , b 2 (M ) > 3, and Γ I its monodromy group acting on Per. Consider the set Z ⊂ Per of all points with non-dense orbits. Then the action of Γ I on Per is ergodic, and Z has measure 0 in Per.
Proof.
Step 1:
, and Γ ⊂ G an arithmetic subgroup. Then Γ-action on G/H is ergodic, by Moore's theorem.
Step 2: The space Per is identified with G/H (Proposition 2.12), and the monodromy group is an arithmetic subgroup of G by Theorem 2.8 and Theorem 2.19. Then Γ I acts on Per ergodically, and the set of points with non-dense orbits has measure 0 (Claim 3.2). Remark 3.9: As explained in Remark 2.25, the space Teich b = Per is identified with Teich up to measure 0 subsets. Therefore, the set of nonergodic complex structures on a hyperkähler manifolds has measure 0 in Teich.
A similar result is true for a compact torus. Here the Teichmüller space is the space of complex structure operators on R 2n , identified with the quotient SL(2n, R)/SL(n, C), and the mapping class group is SL(2n, Z) ( [Cat] ). For n > 1, the group SL(n, C) is non-compact. Therefore, Theorem 3.7 can be applied, and we obtain the following statement.
Theorem 3.10: Let W := SL(2n, R)/SL(n, C) be the Teichmüller space of an n-dimensional compact torus, n 2, equipped with an action of the mapping class group Γ = SL(2n, Z). Then the action of Γ on W is ergodic. In particular, the set of non-ergodic complex tori has measure 0 in the corresponding Teichmüller space. 4 Ratner orbit closure theorem and ergodic complex structure
Lie groups generated by unipotents
Here we state basic facts of Ratner theory. We follow [KSS] and [Mor] .
Definition 4.1: Let G be a Lie group, and g ∈ G any element. We say that g is unipotent if g = e h for a nilpotent element h in its Lie algebra. A group G is generated by unipotents if G is multiplicatively generated by unipotent elements.
Theorem 4.2: (Ratner orbit closure theorem) Let H ⊂ G be a Lie subroup generated by unipotents, and Γ ⊂ G a lattice. Then a closure of any H-orbit in G/Γ is an orbit of a closed, connected subgroup S ⊂ G, such that S ∩ Γ ⊂ S is a lattice in S.
Proof: [Mor, 1.1.15 (2)]. (ii) A closure of H · J in G/Γ is an orbit of a closed connected Lie group S ⊃ H:
For arithmetic groups Ratner orbit closure theorem can be stated in a more precise way, as follows.
Theorem 4.4: Let G be a real algebraic group defined over Q and with no non-trivial characters, W ⊂ G a subgroup generated by unipotents, and Γ ⊂ G an arithmetic lattice. For a given g ∈ G, let H be the smallest real algebraic Q-subgroup of G containing g −1 W g. Then the closure of W g in G/Γ is Hg.
Proof: See [KSS, Proposition 3.3.7] or [Sh, Proposition 3.2] .
Ratner theorem for Teichmüller spaces
In the next subsection, we prove the following two elementary theorems. Now we can apply these theorems to characterize the ergodic and nonergodic complex structures.
Theorem 4.7: Let M be a hyperkähler manifold, Per its period space, and I ∈ Per = Gr ++ (H 2 (M, R)) a point associated to a positive 2-plane V ⊂ H 2 (M, R). Then I is non-ergodic if and only if the plane V is rational, that is, satisfies dim Q V ∩ H 2 (M, Q) = 2.
Proof: Let Γ ⊂ G be the monodromy group of M , that is, an image of the mapping class group in G, where G = SO + (H 2 (M, R), q). It is an arithmetic lattice in G, as shown in Theorem 2.8. Since I is non-ergodic, the closure Γ · I of Γ · I is strictly smaller than Per. By Ratner's theorem, there exists a subgroup S G containing H such that Γ · I = S · I, and S ∩ Γ is a lattice in S. Theorem 4.5 implies that S = H. Since S ∩ Γ is a lattice, this set is Zariski dense in S. By Theorem 4.4, S = H is a rational subgroup of G. Conversely, if H is rational, it is closed in G/Γ as follows from Theorem 4.4.
Theorem 4.8: Let M be a compact complex torus of dimension n 2, Teich its Teichmüller space, Teich = SL(2n, R)/SL(n, C), and I ∈ Teich be a point associated to a complex structure I ∈ End(R 2n ). Then the point I is non-ergodic if and only if H 1,1 (M, R) ⊂ H 2 (M, R) is a rational subspace.
Proof: Let Γ = SL(2n, Z) be the mapping class group of M . The point I is non-ergodic if its Γ-orbit in Teich = SL(2n, R)/SL(n, C) is not dense. By Ratner orbit closure theorem, Γ · I = S · I, where S ⊃ SL(n, C) is a connected Lie subgroup of SL(2n, R). Since an intermediate subgroup SL(2n, R) ⊃ S ⊃ SL(n, C) is equal to SL(2n, R) or SL(n, C), the point I is non-ergodic if and only if S = SL(n, C) and the orbit Γ · I is closed. By Theorem 4.4, this happens if and only if the stabilizer St(I) ∼ = SL(n, C) of I is a rational subgroup of SL(2n, R). The centralizer Z(St(I)) is a group R I ∼ = U (1) = cos t + sin t · I, and Z(Z(St(I)) = St(I), hence rationality of St(I) is equivalent to rationality of R I . However, the space H 2 (M ) R I of R I -invariants is H 1,1 (M ), and, conversely, R I is a subgroup of SL(2n, R) = SL(H 1 (M, R)) acting trivially on H 1,1 (M ). Therefore, R I is rational if and only if
Corollary 4.9: Let M be a hyperkähler manifold or a complex torus of complex dimension 2. Then M is non-ergodic if and only if its NeronSeveri lattice has maximal possible rank. In particular, there is only a countably many non-ergodic complex structures.
Proof: By definition, the Neron-Severi lattice is a lattice of integer (1,1)-classes in H 2 (M ). It is easy to see that it has maximal possible rank if and only if Per(I) rational (for hyperkähler manifolds). For complex tori, the argument is given in the proof of Theorem 4.8. The countability of the set of such complex structures in also well known and easy to check.
Maximal subgroups of Lie groups
Theorem 4.10: Let (V, q) be a real vector space equipped with a nondegenerate quadratic form, G = SO + (V ) the connected component of the group of isometries of V , and W ⊂ V a subspace with q W non-degenerate. Then any closed connected Lie subgroup S G containing H coincides with H.
Proof: Let h, g, s be the Lie algebras of H, G, S. Then h = so(W ) ⊕ so(W ⊥ ). The quotient g/h is identified with Hom(W, W ⊥ ), hence it is an irreducible representations of h. Since s/h is a proper h-subrepresentation of g/h, it is equal to 0.
Remark 4.11: The proof of Theorem 4.10 is intuitively very clear: any isometry fixing W is contained in H; if we add an isometry which moves W , the resulting group should contain all isometries. A similar argument works for a pair SL(n, C) ⊂ SL(2n, R), if we think of SL(n, C) as of a group fixing a subspace of (1, 0)-vectors in the complexification of C n .
Theorem 4.12: Let W be a complex vector space, G = SL(W, R) the group of its real volume-preserving automorphisms, and H ∼ = SL(W, C) ⊂ G the group of complex volume-preserving automorphisms of W . Then any closed connected Lie subgroup S G containing H coincides with H.
Proof: Let h C , g C , s C be the complexified Lie algebras of H, G, S. Consider the space W C := W ⊗ R C, and let W C := W 1,0 ⊕ W 0,1 be its Hodge decomposition. Then
and
Both components Hom(W 1,0 , W 0,1 ) and can be contained in s C /h C only together. Since s C ⊂ g C is a proper subalgebra, s C /h C must be empty.
5 Twistor spaces and Kobayashi pseudometric
Kobayashi pseudometric and Brody lemma
This subsection is a brief introduction to a subject. For more details, please see [L] , [Vo] and [D] . For a compact manifold, hyperbolocity can be interpreted as non-existence of entire curves.
Definition 5.2: An entire curve in a complex manifold M is an image of a non-constant holomorphic map C −→ M .
The following two theorems are fundamental in hyperbolic geometry; for details and the proofs, see again [L] , [Vo] and [D] . They follow from a remarkable result on convergence of disks and entire curves on complex manifolds, called Brody's lemma ( [Br] ).
Theorem 5.3: Let M be a compact complex manifold. Then M contains an entire curve if and only if it is not Kobayashi hyperbolic.
Theorem 5.4: Let I i be a sequence of non-hyperbolic complex structures on a compact manifold M , and I its limit. Then (M, I) is also non-hyperbolic.
The main result of this section is the following theorem. Remark 5.6: For all known examples of hyperkähler manifolds, this theorem is already known, due to Kamenova and Verbitsky ([KV] ).
Remark 5.7: To prove Theorem 5.5, it would suffice to show that there exists an ergodic complex structure I which is non-hyperbolic. Indeed, in this case the orbit of I is dense. This implies that any complex structure can be obtained as a limit of non-hyperbolic ones (Remark 3.4).
Twistor spaces and Campana theorem
Definition 5.8: Let I, J, K, g be a hyperkähler structure on a manifold M . Induced complex structures on M are complex structures of form S 2 ∼ = {L := aI + bJ + cK, a 2 + b 2 + c 2 = 1.} Definition 5.9: A twistor space Tw(M ) of a hyperkähler manifold is a complex manifold obtained by gluing induced complex structures into a holomorphic family over CP 1 . More formally: the pathological behaviour of the mapping group action on the Teichmüller space. This paper would not appear without Dmitry Kleinbock, who has explained to me how to apply the ergodic theory to the subject, and gave an ample reference to the Moore's and Ratner's theorems. I am grateful to Konstantin Tolmachev for interesting talks on ergodic theory and its applications.
